We give some necessary and sufficient conditions for (global) continuity of the limit of a pointwise convergent net of cone metric spacevalued functions, defined on a Hausdorff topological space, in terms of weak filter exhaustiveness. In this framework, we prove some Ascoli-type theorems, considering also possibly asymmetric and extended real-valued distance functions.
Introduction
In the literature there have been several studies about cone metric spaces, namely abstract structures endowed with a distance function taking values in an ordered vector or a normed space, which includes in particular metric semigroups, whose an example is the set of fuzzy numbers, which is not a group. These structures are closely related with order vector spaces endowed with abstract convergences satisfying suitable axioms, but in which in general convergence of subsequences of convergent sequences is not required, like for instance filter convergence. There are several investigations about abstract convergences, distances with values in normed, solid or Hausdorff topological vector spaces and fixed point theory, in particular fixed point existence and uniqueness theorems and error estimates for the considered cone distance and contraction theorems, which have several applications to differential, functional and stochastic equations and reconstruction of signals. In this setting, there are also some other theorems related with fixed point theory, like for example continuity or semicontinuity of suitable functions. In this paper we continue the investigation on the extension of classical theorems to the context of cone metric spaces in connection with filter convergence.
In particular we focus our attention on properties of (global) continuity of the limit of a net of functions, taking values in cone metric spaces, in terms of weak filter exhaustiveness, and relate filter exhaustiveness with filter uniform convergence (on compact subsets). Moreover, we give some Ascoli-type theorems for lattice group-valued functions defined on metric or topological spaces, and consider also asymmetric distances and extended real-valued distances, like Lipschitz metrics, dealing with functions which are not necessarily contractions and extending earlier results proved for real-valued or metric space-valued functions. Asymmetric distance has different applications in several branches of Mathematics and in Physics, for example in gradient flow models, and is related also with the study of several semicontinuity properties of functions. Observe that extended Lipschitz metrics are complete and extended Lipschitz metric convergence is, in general, strictly stronger than uniform convergence on bounded sets. Moreover, extended Lipschitz metrics are equivalent with the supremum metrics when the topological space X in which the involved functions are defined is bounded and uniformly discrete (in its own metric), and they are also equivalent with the Sherbert and Weaver metrics in case X is just bounded. Furthermore note that, since in lattice groups the order convergence is in general not generated by any topology, in our context it is not advisable to deal with concepts like closedness and compactness in terms of topologies. So we formulate the corresponding notions directly in the setting of convergence and in terms of function nets, including the classical concepts as particular cases and giving some relations between filter pointwise convergence and filter uniform convergence on compact sets. In the literature, there have been several recent studies about abstract Ascolitype theorems, which extend earlier results, different Ascoli-type theorems are proved, in connection with various kinds of convergence and exhaustiveness of function nets. Our approach is direct, simple and easy to handle in the context of our considered structures, that is when it is dealt with nets of functions taking values in cone metric spaces, defined in general Hausdorff topological spaces and with filter exhaustiveness instead of metric spaces and equicontinuity respectively, and it allows us to give direct necessary and sufficient conditions. We consider symmetric or asymmetric distances with values in lattice groups and use the tool of (weak) filter exhaustiveness in connection with (global) continuity of the limit function and uniform convergence on compact sets. One of the main used methods is to use some kinds of convergence of suitable subnets of the given net to deduce some compactness properties. This is given in a very abstract context, comparing two kinds of compactness for function nets, and after a particular case is presented, using compactness of suitable sets, properties of convergence and boundedness in metric spaces and the Tychonoff theorem. Furthermore we consider Lipschitz-type metrics using completeness properties an a "total boundedness" argument in terms of subsequence, without using a topological approach.
Preliminaries
We begin with some fundamental properties of convergence and continuity in the lattice group context. A nonempty set 
When R is a semigroup and R = Y , we say that R is a metric semigroup. An example of metric semigroup which is not a group is the set of the fuzzy numbers.
Let R be a cone metric space and Y be its associated Dedekind complete ) (l -group. A sequence 
is globally forward (resp. backward) continuous on X iff there is an ) 
Given an ideal I of Λ , we call dual filter of I the family } :
. In this case we say that I is the dual ideal of F and we get } : We now give the fundamental notions of filter convergence and related topics in the cone metric space setting. A net 
We say that
, is (weakly) F -exhaustive on X iff it is (weakly) F -exhaustive at every X x ∈ with respect to a single ) (O -sequence, independent of X x ∈ . Similarly as above it is possible to formulate the notions of ) ( F RO -and ) ( F UO -forward (backward) convergence and the concepts of (weak) F -forward (backward) exhaustiveness.
Of course the concepts of (weak, forward, backward) filter exhaustiveness can be given also analogously for sequences of functions, by taking N = Λ with the usual order.
In general, the notion of weak F -exhaustiveness is strictly weaker than that of F -exhaustiveness, even when N = Λ and R = = Y R .
The main results
We now give, in the context of filter convergence and lattice groups, a necessary and sufficient condition under which the limit of a pointwise convergent net λ λ ) ( f is (globally) continuous. 
convergence, (weak) F -forward (backward) exhaustiveness and forward (backward) continuity respectively, under the hypothesis that the forward and backward convergences are equivalent.
We now give some versions of Ascoli-type theorems in the context of lattice groups and filter exhaustive nets. Note that in our context, since we deal with abstract structures which are not necessarily by a topology, it will be advisable to deal with suitable notions of "filter closedness" and "filter compactness" in relation with convergences, which are not necessarily generated by a Hausdorff topology. Given a directed set Λ , a ) (Λ -free filter F of Λ , a topological space X , a cone metric space R and a nonempty set We now are in position to give the following abstract Ascoli-type theorem. RO -compact, and ) 
Theorem 3.6 Under the same notations and hypotheses as above, if
, and in this case we set . :
is not Lipschitz, then we put
is continuous, it may happen that +∞ Π = ) ( f : indeed, it is enough to take
We now fix a point X x ∈ 0 and consider the following extended metric:
In this case, we say that the net 
